We present a Delaunay refinement algorithm for meshing a piecewise smooth complex in three dimensions with correct topology. The small angles between the tangents of two meeting manifold patches pose difficulty. We protect these regions with weighted points. The weights are chosen to mimic the local feature size and to satisfy a Lipschitz-like property. A Delaunay refinement using the weighted Voronoi diagram is shown to terminate with the recovery of the topology of the input. To this end, we present new concepts and results including a new definition of local feature size and a proof for a generalized topological ball property.
Introduction
Delaunay refinement for meshing domains has been around for more than a decade now [7, 10, 17, 18] . However, an algorithm that handles input as general as piecewise smooth complexes (PSC) is still lacking. There is a need in solid modeling to represent objects that are dimensionally or materially inhomogeneous [16] . For example, in a part consisting of different materials, the internal boundaries may meet to form a non-manifold. A boundary representation is essentially a graph in which the nodes represent the vertices, edges, and faces in the object, and the links represent the incidence relation [13] . Such a representation is a PSC when the curved segments called edges and the smooth surface patches called faces meet properly. The boundary of any solid with smooth faces and sharp junctions is a special case where the PSC is a 2-manifold.
As opposed to the polyhedral domains, topology recovery becomes a non-trivial issue for domains with curved elements since the output cannot conform to the input exactly. Some recent works address this issue by developing a Delaunay refinement strategy whose design and analysis are driven by topological property violations [3, 6, 11] . These algorithms work on the assumption that the input is a smooth surface or a surface that approximates a smooth surface.
To handle PSC one has to deal with nonsmoothness. On top of it, possible small angles between the curved elements add further difficulty. The menace of small angles in Delaunay meshing is well known [9, 14, 19] . Although solutions for polyhedral domains have been obtained recently [4, 5, 15] , the case for curved domains remains mostly open except for a recent work by Boissonnat and Oudot [2] . They showed that a class of surfaces called Lipschitz surfaces can be meshed with a Delaunay refinement strategy as long as the input angles are sufficiently large. Unfortunately, the derived angle bound allows only a very restricted class of non-smooth surfaces and the case of PSC which includes non-manifolds remains open. In this paper we present an algorithm to mesh PSC with Delaunay refinement without any constraint on input angles.
One difficulty in meshing PSC stems from the fact that the usual local feature size definitions fail to provide an upper bound on the number of repeated insertions triggered by topological ball property violations. We overcome this problem by a new definition of local feature size which does not vanish on the domain and combines the two classical definitions, one based on medial axis [1] and the other based on the adjacency of elements [4, 17] . The non-smooth regions are then protected by balls whose sizes and placements are guided by a simulation of a Lipschitz property. The Delaunay refinement is run on the weighted Voronoi diagram where the protecting balls are treated as weighted points. The protected curves and vertices in PSC always appear as a union of edges and vertices of the restricted weighted Delaunay triangulation. This helps the triangulations, restricted to the individual smooth surface patches, match seamlessly. It also preserves non-smooth features in the output, a concern that is important in various applications. An extended topological ball property [12] for general topological spaces is proved to claim homeomorphism between the input and output.
Notations and Domain.
Throughout this paper, we assume a generic intersection property that a kmanifold σ ⊂ R 3 , 0 k 3, and a j-manifold σ ⊂ R 3 , 0 j 3, intersect (if at all) in a (k + j − 3)-manifold if σ ⊂ σ and σ ⊂ σ. We will use both geometric and topological versions of closed balls. A geometric closed ball centered at point x ∈ R 3 with radius r > 0, is denoted as B(x, r). We use int X and bd X to denote the interior and boundary of a topological space X, respectively.
The domain D is a PSC where each element is a compact subset of a smooth (C 2 ) k-manifold, 0 k 2. Each element is closed and hence contains its boundaries. We use D k to denote the subset of all kdimensional elements. D 0 is a set of vertices; D 1 is a set of curves called 1-faces; D 2 is a set of surface patches called 2-faces.
The domain D satisfies the usual proper requirements for being a complex: (i) interiors of the elements are pairwise disjoint and for any σ ∈ D, bd σ ⊂ D; (ii) for any σ, σ ∈ D, either σ ∩ σ = ∅ or σ ∩ σ is a union of cells in D. We use |D| to denote the underlying space of D. For 0 k 2, we also use |D k | to denote the underlying space of D k .
We assume that each 2-face σ is part of a smooth surface Σ without boundary called the surface of σ. For a 1-face σ , we assume that σ is contained in the intersection of two surfaces Σ 1 and Σ 2 whose equations are also given. We call the closed curve in Σ 1 ∩ Σ 2 containing σ the curve of σ . The curve of σ is needed for analysis only, so an explicit representation of it is not needed. Notice that our definition of PSC disallows certain kinds of surfaces such as cones or non-orientable surfaces since they cannot be extended to a smooth surface without boundary. Although we have not included three dimensional faces in the PSC definition, our algorithm can be extended easily to handle such a PSC.
For any point x on a 2-face σ, we use n σ (x) to denote a unit outward normal to the surface of σ at x. For any point x on a 1-face σ, n σ (x) denotes a unit oriented tangent to the curve of σ at x. (We assume a consistent orientation of the tangents.)
Overview.
Our strategy is to run Delaunay refinement as long as the topology of the domain is not recovered. Such a strategy was used to mesh smooth surfaces [6] where each insertion was triggered by a violation of topological ball property [12] (TBP). First of all, we cannot use the TBP for manifolds here since we are dealing with PSC. It turns out that the extended topological ball property which can ensure topology recovery for PSC [12] requires TBP for each element in D. One may drive the refinement with the violation of the extended TBP, but the possible presence of small angles in the input causes difficulty. As a remedy, we protect the vertices and 1-faces with some geometric balls so that no point is inserted in these protecting balls. Such a protection strategy made the Delaunay refinement possible for polyhedral domains with small angles [4, 5, 15] . However, placing the protecting balls of appropriate size seems to be far more difficult in the case of PSC. Once the balls are computed, we treat them as weighted points which brings the weighted Voronoi and weighted Delaunay diagrams into picture.
For a weighted point set S ⊂ R 3 , let Vor S and Del S denote the weighted Voronoi and Delaunay diagrams of S respectively. Each diagram is a cell complex where each k-face is a k-polytope in Vor S and is a k-simplex in Del S. Each k-face in Vor S is dual to a (3 − k)-face in Del S and vice versa. We say that S has the TBP for an element in D i if this element intersects any k-face in Vor S in either an empty set or a closed topological ball of dimension (i + k − 3).
If an element in the domain does not satisfy the TBP, our algorithm detects it and computes a point far away from all other existing points. At termination, which is guaranteed by a standard packing argument, S has the TBP for each element in D. However, since we deal with PSC (rather than manifolds), we need an extended version of topological ball property due to Edelsbrunner and Shah [12] to ensure topology guarantee.
A CW-complex R is a collection of closed (topological) balls whose interiors are pairwise disjoint and whose boundaries are union of other closed balls in R. A finite set S ⊂ |D| has the extended TBP for D if there is a CW-complex R with |R| = |D| that satisfies the following conditions for each Voronoi face F ∈ Vor S intersecting |D|: (C1) The restricted Voronoi face F ∩ |D| is the underlying space of a CW-complex R ⊆ R.
(C2) The closed balls in R are incident to a unique closed ball b F ∈ R . Figure 1 shows two examples of a Voronoi facet F that satisfy the above conditions. The result of Edelsbrunner and Shah [12] says that if S has the extended TBP for D, the underlying space of Del S restricted to |D| (Delaunay simplices whose dual Voronoi face intersects |D|) is homeomorphic to |D|. Of course, to apply this result we would require a CW-complex with underlying space as |D|. We will see that Vor S restricted to D provides such a CW-complex when our algorithm terminates. The entire analysis and the crucial step of ball protection needs a feature size definition which is 1-Lipschitz and non-zero everywhere. We achieve it by a non-trivial combination of the local feature sizes defined for polyhedral domains and smooth surfaces. 
Notice that m may not be 1-Lipschitz even if we restrict it to |D 2 |. For example, for a 2-face σ, only the medial axis of the surface of σ contributes to m(x) when x ∈ int σ, but more than one medial axis may contribute to m(x) when x ∈ bd σ.
We also employ the local gap size used in [4] to deal with small input angles. For any x ∈ |D|, define g(x) to be the minimum r > 0 such that B(x, r) intersects two elements of D 2 , one of which does not contain x.
The function f is close to being a good local feature size function. However, f is not continuous due to g.
is positive. Still, f is 1-Lipschitz in a restricted sense.
As a remedy, we propagate the value of f from bd |D i | to int |D i | in order to define our local feature size function. We introduce a parameter δ ∈ (0, 1] to control the extent of the propagation. This propagation makes the local feature size function 1-Lipschitz over |D|. This parameterized propagation also matches well with our algorithmic strategy to protect the vertices and 1-faces with balls. We will see that δ is related to the radii of these protecting balls. The local feature size function lfs δ : |D| → R is defined as follows.
Lemma 2.2. The function lfs δ is 1-Lipschitz and it has the following properties:
A computable alternative.
It would be ideal to compute lfs δ (x) for x ∈ |D|. Doing so requires computing m(x) which in turn requires computing the medial axis of smooth surfaces and curves. This is a challenging problem by itself. We face a greater problem because of the maximization over bd |D i | used in defining lfs δ .
We propose to compute a function f ω : |D 1 | → R for a parameter ω ∈ (0, 1). The quantity f ω (x) enjoys several nice features of lfs δ (x) and it is good enough for our purpose. For example, we will see that if δ ω,
f ω (x) for the points x ∈ |D 1 | that we are interested in. This makes f ω appropriate for defining the radii of protecting balls covering D 1 , i.e., points outside the protecting balls are at distances at least local feature sizes away from |D 1 |.
Let x be a point in some 1-face. First, we go over the elements in D 2 to compute g(x).
Second, we compute the ω-deviation radius of x ∈ σ defined as follows.
Third, we want B(x, f ω (x)) ∩ σ to be a closed ball for any 1-or 2-face σ containing x. For any 1-or 2-face σ containing x, we compute the tangential contact points between σ and any sphere centered at x. Select the tangential contact point nearest to x (over all 1-and 2-faces containing x). Let d x be the distance between x and this nearest tangential contact point.
It is well known that
The computation of g(x), d x , and d x can be implemented by solving systems of equations. The details are omitted.
Lemma 2.3. The following properties hold for ω ∈ (0, 1).
ω; for any x ∈ σ and r f ω (x), B(x, r) ∩ σ is a closed ball of dimension dim(σ); and (b) if σ is a 2-face, the results in (a) also hold for the surface of σ.
Protecting Vertices and Curves
We construct protecting balls centered at judiciously chosen locations in |D 1 |. The radii of the protecting balls is partly controlled by f ω . The value of f ω may fluctuate greatly as it is not 1-Lipschitz. So we enforce a Lipschitz-like property on the fly as we construct the protecting balls. In the end, each protecting ball is turned into an equivalent weighted vertex.
3.1 Procedure. We choose λ 1 8 and ω 0.076. First, we put a protecting ball B u centered at each vertex u ∈ D 0 with radius(B u ) = λf ω (u).
Let σ be a 1-face. Let u and v be the endpoints of σ. We compute the intersection points x 0 = B v ∩ σ and x 1 = B u ∩σ. Define r 0 = λf ω (x 0 ) and r 1 = λf ω (x 1 ). The protecting ball at x 1 is B x1 = B(x 1 , r 1 ). The protecting ball at x 0 is constructed last. After placing B x1 , define
We march from B x1 toward x 0 to construct more protecting balls. For k 2, let B x k−1 be the last protecting ball placed and let B p be the last protecting ball placed before B x k−1 . We compute the two intersection points between σ and the boundary of B(x k−1 , 6 5 r k−1 ). Among these two points let x k be the point such that ∠px k−1 x k > π/2. One can show that x k is well-defined and x k lies between x k−1 and v along σ. Define We turn each protecting ball into a weighted vertex. That is, for each protecting ball B p , we obtain the weighted point (p, w p ), where √ w p = radius(B p ). Because of the construction with Lipschitz-like conditions, the protecting balls satisfy several important properties. 
Edges and Triangles with Weighted Vertices
Starting with the weighted vertices, our algorithm incrementally inserts unweighted vertices in regions not covered by the protecting balls using the Delaunay refinement paradigm. We call a point set S admissible if (i) S contains all weighted points placed in D 1 , and (ii) other points in S are unweighted and they lie outside the protecting balls (the weighted points). For convenience, we use V ξ to denote the dual Voronoi face of a simplex ξ ∈ Del S. We need to bound the circumradius of a triangle and the angle between its normal and the normal at its vertices when the triangle is not too "large" in the following sense. Let δ = λω 5 . For any triangle t ∈ Del S, • If some vertex of t is weighted and p is the weighted vertex with minimum weight, define minvertex(t) = p and minsize(t) = radius(B p ).
• If all vertices of t are unweighted and p is the vertex with minimum lfs δ (p), define minvertex(t) = p and minsize(t) = lfs δ (p).
The orthoradius of a triangle t ∈ Del S is the radius of the smallest ball that has zero weighted distance to the vertices (possibly weighted) of t. We will compare the orthoradius of t with minsize(t) to measure how "large" t is. The circumradius of t will be bounded by the maxsize of t analogously defined as follows.
• If some vertex of t is weighted and p is the weighted vertex with maximum weight, define maxvertex(t) = p and maxsize(t) = radius(B p ).
•
Given an admissible point set, Lemma 4.1 shows that the edges between adjacent weighted vertices are always restricted weighted Delaunay. 
Thus, the weighted distance of z from B s is positive and so z does not lie in any Voronoi facet partly defined by s.
Hence, V pq is the only Voronoi facet in Vor S that intersects σ pq . V pq cannot intersect σ pq more than once because σ pq would have to turn an angle of at least π/2 − O(ω) otherwise, an impossibility.
In our analysis we will require that when a triangle has small orthoradius, the triangle's normal is consistent with the normal to the 2-face it is approximating. The consistency of normals requires the circumradius of the triangle to be small. In general the orthoradius and circumradius may be very different. However, Lemma 4.2 shows that the circumradius of a triangle t is small when its orthoradius is less than 0.017 minsize(t).
Lemma 4.2. Let t be a triangle with vertices from an admissible point set. If the orthoradius of t is less than 0.017 minsize(t), at least one vertex of t is unweighted and the circumradius of t is at most 2 maxsize(t).
Proof. (Sketch) The lemma is trivial if all vertices of t are unweighted. Suppose that some vertex of t is weighted. A consecutive triple consists of three consecutive weighted vertices on some 1-face. We assume that any two of the weighted vertices of t belong to a consecutive triple. Otherwise, they would be so far apart that the orthoradius of t cannot be less than 0.017 minsize(t).
If all vertices of t are weighted, our assumption implies that they form a consecutive triple, say (p, q, s) . By Lemma 3.1(iv), the curve segment between p and s is fairly flat. So the bisector H pq of (p, w p ) and (q, w q ) is almost parallel to the bisector H qs of (q, w q ) and (s, w s ). Moreover, it can be shown that H pq or H qs is not particularly close to p, q and s. It follows that H pq and H qs can only meet far away, implying that the orthoradius of pqs would be larger than 0.017 minsize(t), a contradiction.
Suppose that only two vertices are weighted, say p and q. Assume that radius(B p ) radius(B q ). Notice that the distance between p and its weighted bisector with the unweighted vertex s is at least radius(B p ). Similarly, the distance between q and its weighted bisector with s is at least radius(B q ). If ∠spq 2π/3 or ∠sqp 2π/3, we can show that the orthoradius of pqs is greater than 0.017 minsize(t) as in the previous paragraph, a contradiction. Suppose that ∠spq < 2π/3 and ∠sqp < 2π/3. W.l.o.g. assume that ∠spq ∠sqp. Clearly, p − s 1.017 radius(B p ) and p − q 2 radius(B p ). Then, simple trigonometry shows that the circumradius of pqs radius(B p )/ cos(
The case for one weighted vertex can be analyzed similarly.
Meshing PSC
Let S be an admissible point set. For any 1-or 2-face σ, let Del S| σ denote the Delaunay subcomplex restricted to σ, i.e., each simplex ξ ∈ Del S| σ is the dual of a Voronoi face V ξ where V ξ | σ = V ξ ∩ σ = ∅. We extend the above definition to D i and D:
For any triangle t ∈ Del S| σ , define size(t, σ) to be the maximum weighted distance between the vertices of t and points in V t | σ . Notice that if all vertices of t are unweighted, the maximum weighted distance is just the maximum Euclidean distance.
Subroutines. Our algorithm uses the following subroutines.
Multiple Intersection. Let p ∈ S be a point on a 2-face σ. The primitive Multi-Intersection finds the triangle t ∈ Del S| σ incident to p for which V t intersects σ more than once. If no such triangle exists, it returns null. Otherwise, it chooses t for which size(t, σ) is maximum and returns the point x ∈ V t | σ that realizes size(t, σ).
Large Normal Variation. Given a 2-face σ, a point p ∈ σ, and an angle bound θ ∈ (2ω, π/6), the primitive
Infringement. We say p is infringed with respect to σ if one of the following conditions hold:
• σ is a 2-face containing p such that pq ∈ Del S| σ for some q ∈ σ.
• σ is a 2-face and there is a 1-face in bd σ containing p and a non-adjacent vertex q such that pq ∈ Del S| σ ( Figure 3 ).
Observe that σ is a 2-face in both cases. We can afford not considering 1-faces here due to Lemma 4.1. This lemma says that each Voronoi facet that intersects a 1-face is dual to a Delaunay edge connecting two adjacent vertices on the 1-face. This means that pq ∈ Del S| σ if σ is a 1-face, and p and q are not adjacent on σ.
For a point p ∈ S ∩ σ, the primitive Infringed(p, σ) returns null if p is not infringed with respect to σ. Otherwise, let pq be an edge in Del S| σ that certifies that p is infringed with respect to σ. The subroutine Infringed(p, σ) returns x as follows. We observe that V pq cannot intersect the boundary of σ thanks to Lemma 4.1 again. Since V pq intersects only the interior of σ, either the boundary edges of V pq intersect the interior of σ or V pq ∩ σ is a collection of closed curves. In the first case, we can pick any of the intersection points as x. In the second case, we compute x as a critical point of V pq ∩ σ in some direction parallel to V pq .
Disk Neighborhood. In the output triangulation, the set of triangles incident to a vertex for a 2-face should form a topological disk. Let σ be a 2-face and let p be a point in S ∩ σ. The primitive NoDisk(p, σ) returns null if the star of p in Del S| σ is a topological disk. (Notice that when p ∈ bd σ, p lies on the boundary of its star.) Otherwise, we find the triangle t ∈ Del S| σ incident to p that maximizes size(t, σ). Then we return the point x ∈ V t | σ that realizes size(t, σ).
Algorithm.
We follow the approach in [6] Multi-Intersection checks if a Voronoi edge intersects a 2-face multiple times. Normal-Deviation and NoDisk allow us to check if a Voronoi cell intersects a 2-face in a topological disk. Infringed checks for restricted Delaunay edges connecting distinct elements in D. They are caused by Voronoi facets intersecting more than one 2-face. Infringed also checks for edges connecting nonadjacent weighted vertices on a 1-face. Such edges are dangerous because the triangulations of two adjacent 2-faces may be pinched at them. Figure 3 gives an example.
The following pseudocode summarizes our algorithm. 3. If S has grown in the last execution of step 2, repeat step 2.
Find-Violation
4. Return Del S| D .
Analysis.
The analysis of the algorithm establishes two main facts: (i) the algorithm terminates, (ii) at termination the extended TBP holds for D.
Termination.
We apply the standard argument that there is a lower bound on the distance between each point inserted by Mesh-Surface and all existing points. Then the compactness of D allows the standard packing argument to claim termination. Proof. (Sketch) By Lemma 3.1(i), it can be shown that for any weighted vertex p, lfs λω/5 (x) radius(B p ). Consider the case for Infringed. Assume that x lies on the Voronoi facet V pq . So either q ∈ σ or p and q are non-adjacent weighted vertices on a 1-face.
Suppose that q ∈ σ. Assume that p or q is weighted, say p. The case where p and q are unweighted can be treated similarly. Because p ∈ σ and q ∈ σ, p − q max{g(p), g(q)}. It can be shown that radius(B p ) < 4λωg(p). The same holds for q if q is weighted. The distance between p and the weighted bisector of p and q is 
is violated and thereby the inserted point realizing size(t, σ) lies far away from existing points.
To establish the first property, we need the analog of three classical properties in normal variations for 2-faces. They include (i) nearby points have similar surface normals; (ii) the line segment connecting two nearby points is almost perpendicular to the surface normal at any of the points; and (iii) the triangle connecting three nearby points is almost perpendicular to the surface normal at any of the points. The major difference in our case is that the points come from an admissible point set and so a point can be weighted. Still, the three properties hold and the detailed proofs are omitted.
The next lemma sketches the proof of the TBP for Voronoi edges.
Lemma 5.2. Let t be a triangle in
Del S| σ for a 2-face σ. If size(t, σ) < 0.017 minsize(t), V t | σ is a single point.
Proof.
(Sketch) Let p = maxvertex(t). Assume to the contrary that V t intersects σ at two consecutive points x and y. So x, y ∈ B(p, R), where R = 1.017 maxsize(t). Since R is small, it can be shown that ∠n σ (p), n σ (x) 2ω, ∠n σ (p), n σ (y) 2ω, and ∠n t , n σ (p) < 0.95. So ∠n t , n σ (x) < 0.95 + 2ω < π/2. Similarly, ∠n t , n σ (y) < π/2. This is impossible because n t , n σ (x) and n t , n σ (y) have opposite signs.
The next lemma sketches the proof of the TBP for Voronoi facets. The goal is to show that F ∩ σ is a single topological interval.
Let R max be the maximum maxsize(t) among triangles t ∈ Del S| σ incident to p. Let q max be the maxvertex of the triangle achieving R max .
Since Normal-Deviation does not return a point, the bounded normal variation implies that each curve I in F ∩ σ is an open curve. Hence, I has an endpoint on the boundary of F . It can also be shown that I ⊂ B(q max , 5R max ).
If F ∩ σ is not a single topological interval, σ must leave F at an edge e and reenter F again at an edge e . Since size(t, σ) is small, it can be shown that ∠e, n σ (p) and ∠e , n σ (p) are less than 0.95 radians. The 2-face σ has to cross the support line of e or e twice inside B(q max , 5R max ). Let x 1 and x 2 be two consecutive intersection points between σ and . It can be shown that p, x 1 , and x 2 lie in B(q max , 5R max ). Then a normal variation result shows that ∠n σ (p), n σ (x i ) 4ω. This implies that n σ (x i ) makes an angle at most 0.95 + 4ω with . Therefore, ∠n σ (x 1 ), n σ (x 2 ) > π − 2(0.95 + 4ω) > 4ω. However, because x 1 and x 2 lie in B(q max , 5R max ), a normal variation result shows that ∠n σ (x 1 ), n σ (x 2 ) 4ω, a contradiction.
The next lemma sketches the proof of the TBP for Voronoi cells. By Lemma 3.1(iv), B ∩ σ is a topological disk. Therefore, the intersections of the planes of facets of V p with σ form an arrangement of curves on a topological disk. It follows that each cell of this arrangement is a topological disk. Clearly, V p | σ consists of one or more such cells. If V p | σ consists of two or more such cells. V p | σ consists of two or more boundary cycles. Such a situation was shown to be impossible by Cheng, Dey, Ramos, and Ray [6] in the context of meshing smooth surfaces. The analysis can be carried over in our case. We omit the details. 
0.017minsize(t). It is easy to show that x is Ω(minsize(t)) distance away from all other vertices. If NoDisk inserts a point x, either a Voronoi facet has not intersected a 2-face in a topological interval or a Voronoi cell has not intersected a 2-face in a topological disk [6] . In the first case, the contrapositive of Lemma 5.3 applies and, in the second case, the contrapositive of Lemma 5.4 applies. In either case, the point x is Ω(minsize(t)) away from all other vertices for some triangle t. A standard packing argument can be used to claim termination.
Topology Preservation.
By the result of Edelsbrunner and Shah [12] , it suffices to establish conditions C1-C4 as described in Section 1.2. To this end, we first show that the Voronoi faces of Vor S satisfy three properties P1, P2 and P3 listed below at the termination of the algorithm. Let F be a k-face of Vor S where
(P3) F intersects σ F and only elements that are incident to σ F .
Property P1 follows from the fact that our algorithm enforces TBP for each 1-face and 2-face. Properties P2 and P3 follow from the following result. Therefore, σ F is the unique lowest dimensional element in D containing p which is at the boundary of all elements intersecting V p . This proves both (i) and (ii) for this case.
Case 2: F is a Voronoi facet V pq . Let σ F be a lowest dimensional element that F intersects. If there is an element σ intersecting F which does not contain σ F on its boundary, two cases can arise. Either (i) σ F and σ are disjoint within V p or V q , or (ii) σ F and σ have a common boundary in V p and V q . Case (i) cannot happen due to the claim in Case 1. For (ii) to happen both p and q have to be on the common boundaries of σ F and σ . This means that p and q have to be on some element in D 1 . Observe that p and q are non-adjacent since otherwise V pq has to intersect the common boundary of σ F and σ whose dimension is lower than that of σ F .
The edge pq appears in Del S| σF as well as in Del S| σ where p and q are not adjacent on any 1-face. But this would trigger Infringed to insert a point contradicting the termination of Mesh-Surface.
The above argument implies that all elements intersecting F have σ F as a subset. This identifies σ F uniquely. All elements intersecting V p have a unique element, say τ , as a subset which contains p. Either σ F = τ or τ ⊂ σ F . In both cases p ∈ σ F . Similar argument shows that q ∈ σ F . This proves the claim for Case 2.
Case 3: F is a Voronoi edge. Certainly F cannot intersect a 2-face σ F more than once since then Multi-Intersection would have inserted a point. The other possibility is that F = V t , t ∈ Del S| σF , and F intersects σ = σ F . But then a Voronoi cell adjacent to F would intersect two 2-faces σ F and σ and we can argue as in case 1.1.
We are ready to show that conditions C1-C4 follow from P1, P2, and P3. Proof. We prove that S has the extended TBP for D when Mesh-Surface terminates. Then, the result of Edelsbrunner and Shah implies the theorem.
To apply the extended TBP we need a CW-complex whose underlying space is |D|. We take R to be the complex formed by the intersection of Vor S with |D| when Mesh-Surface terminates. Each element in this complex is the intersection of an element σ ∈ D with a Voronoi face in Vor S. Because of property P1, these elements are closed balls whose boundaries are union of other closed balls. It immediately follows that a kface F of Vor S intersects the CW-complex R in a CWcomplex R ⊆ R satisfying C1.
Condition C2 is satisfied because of properties P2 and P3 where b F is identified as the ball F ∩ σ F .
To argue for condition C3, observe that bd b F cannot intersect the interior of F . Consider the element σ F ∈ D where b F = F ∩ σ F . If bdb F intersects the interior of F , then bd σ F also intersects F . But this would contradict P3 which states that all elements intersecting F have σ F on their boundary. Therefore, bd b F must be contained in bd F . In other words, b F ∩bd F = bd b F . Since b F is a closed ball of dimension, say j, its boundary is a (j − 1)-sphere. This establishes condition C3.
For condition C4, observe that the boundary of a -ball γ in R is a ( − 1)-sphere. If bd γ intersects the interior of F , then bd F ∩ bd γ is a ( − 1)-ball. This is the case for each -ball γ incident on b F because b F ⊂ bd γ and int b F intersects int F .
Non-smooth features.
Following the proof of Edelsbrunner and Shah [12] one can construct a homeomorphism h between the underlying spaces of D and Del S| D such that h respects each stratum. That is, the restriction of h to |D i | is a homeomorphism to the underlying space of Del S| Di . This property ensures the preservation of non-smooth features.
Conclusions
We have presented a Delaunay refinement algorithm to mesh PSC which preserves topology as well as nonsmooth features. We did not handle explicitly three dimensional elements in PSC. Our algorithm can be easily extended to handle these inputs. Also, due to lack of space we did not discuss enforcing aspect ratios of the triangles. Extra steps can be added to enforce the aspect ratios of the triangles except the ones near small input angles.
